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be an n x n accretive-dissipative matrix, k and I be the 
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orders of An and A22, respectively, and let m = min{/c,/}. Then 



det A\ < a\ det An \ ■ | det A 
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where a 



2 3m / 2 , if m < n/3; 

2 n / 2 , if n/3 < m < n/2. 



This improves a result of Ikramov. 
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1 Introduction 

Let M n (C) be the set of n x n complex matrices. For any A G M n (C), A* stands for 
the conjugate transpose of A. A G M n (C) is accretive-dissipative if it can be written as 



A = B + iC, 



'IX 



where B = A±AL anc i (j — A ^* are both (Hermitian) positive definite. Conformally 
partition A, B, C as 



;i.2) 



such that all diagonal blocks are square. Say k and I (k,l > and k + 1 = n) the order 
of An and A22, respectively, and let m = min{/c, /}. 

If A is positive definite and partitioned as in (11. 2p . then the famous Fischer determi- 
nantal inequality (FDI) pi p. 478] states that 
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det A < detAn • det A 22 . 



;i.3) 



Determinantal inequalities for accretive-dissipative matrices were first investigated 
by Ikramov [1], who obtained: 
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Theorem 1. Let A £ M n (C) be accretive- dissipative and partitioned as in U.2\) . Then 

\detA\ < 3 m |detA n | • | det A 22 1 . (1.4) 

A reverse direction to that of Theorem [1] has been given in [5]. We call this kind of 
inequalities the Fischer type determinantal inequality for accretive-dissipative matrices. 
In this paper, we intend to give an improvement of (jl.4p . Our main result can be stated 

as 

Theorem 2. Let A £ M n (C) be accretive-dissipative and partitioned as in 111. 2]) . Then 

| det A\ < a| det A u | • |detA 22 |, (1.5) 



where a 



2 3m/ 2; if m < n /3 ; 

2 n / 2 , if n/3<m< n/2. 



As a < 3 m , it is clear that Theorem [2] improves Theorem [TJ The proof of Theorem 
[2] is given in Section 3. 



2 Auxiliary results 

In this section, we present some lemmas that are needed in the proof of our main result. 

Lemma 3. JB, Property 6] Let A £ M n (C) be accretive-dissipative and partitioned as 
in M.2\) . Then A/A u := A 2 2 — AyyA^-y A\ 2 , the Schur complement of A u in A, is also 
accretive-dissipative. 

Lemma 4. 01 Lemma 1] Let A £ M n (C) be accretive-dissipative as in U.l\) . Then 
A- 1 = E- iF with E = (B + CB^C)' 1 and F = (C + BC~ l B)- 1 . 

Lemma 5. [7], Lemma 3.2] Let B,C £ M n (C) be Hermitian and assume B is positive 
definite. Then 

B + CB" 1 C>2C. (2.1) 

Here we adopt the convention that, for two Hermitian matrices X, Y of the same size, 
A > (>)Y means X — Y is positive (semi)definite. Of course, we do not distinguish 
Y < (<)A from A > (>)Y. 

Lemma 6. Let B,C £ M n (C) be positive semidefinite. Then 

| det(B + iC)\ < det (5 + C) < 2 n/2 \ det(B + iC)\. (2.2) 

Proof. The first inequality follows from [6], Theorem 2.2] while the second one follows 
from [1] Theorem 1.1]. Here we provide a direct proof of (12.21) for the convenience 
of readers. We may assume B is positive definite, the general case is by a continuity 
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argument. Let Xj, j — 1, . . . , n, be the eigenvalues of B 1 ^ 2 CB 1//2 , where B 1 / 2 means 
the unique positive definite square root of B. Then 

+ <1 + Aj< >/2|l + iAj-|, j = l,...,n. 

Also, we denote the identity matrix by /. 
Compute 

\det{B + iC)\ = detB- \det(I + iB~ 1/2 CB~ 1/2 )\ 

n 

= detB- JJ|l + iA,-| 
i=i 

n 

< det B ■ Y[(l + Xj) 

= det B ■ det(J + B- 1/2 CB- 1/2 ) 
= det(5 + C). 

This proves the first inequality. To show the other, compute 

det{B + C) = detB ■ det(I + B^^CB' 1 ' 2 ) 

n 

= det B ■ JJ(1 + Xj) 

3=1 
n 

< detB- JJv^|H-iAj-| 

i=i 

= 2 n/2 det B ■ | det(J + z5" 1/2 Cfi~ 1/2 ) | 
= 2 n/2 \det(B + iC)\. 

□ 

3 Main results 

Theorem [2] follows from the next two theorems. 

Theorem 7. Let A £ M n (C) 6e accretive- dissipative and partitioned as in hi. 2^ . Then 

| det A | < 2 n/2 | det An| • | det A 22 |. (3.1) 

Proof. Compute 

| det A| = \det(B + iC)\ 

< det(B + C) (By Lemma EJ) 

< det(B n + C n ) • det(5 22 + C 22 ) (By FDI) 

< 2 fc/2 | det(B u + iCn)| ■ 2 i/2 | det(E 22 + iC 22 )\ (By LemmaED) 
= 2 n/2 |detA n | • | det A 22 |- 

□ 
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Theorem 8. Let A £ M n (C) be accretive-dissipative and partitioned as in U.S\) . Then 

| det A| < 2 3m / 2 |detA n | ■ |detA 22 |. (3.2) 

Proof. We have, by Lemma HI that 

A/ A u = A 22 - A 21 A£ A 12 

= B 22 + iC 22 - (B* 12 + iC* 12 ){B 11 + iC 11 )~ 1 (B 12 + iC l2 ) 
= B 22 + iC 22 - (B* 12 + iC* 12 )(E k - iF k )(B 12 + iC 12 ) 

with 

E k = {Bn + C\\B n Cn) , F k = (Cn + BnCi! Bn) . 
By Lemma O and the operator reverse monotonicity of the inverse, we get 

Setting A/ A n = R + iS with R = R* and S = S*. By Lemma El we know R and S 
are positive definite. A calculation shows 

K — tf 22 — tf l2 £j k tfi 2 + 12 -fc fc Oi2 — -D 12 -TA:Oi2 — 12 -rfc-Dl2, 

C /~1 I 73* 771 75 ri* 77 (~1 f-1* 771 75 73* 771 ^ 

o — O22 + D 12 t k D\ 2 — U 12 l< k Ui 2 — U 12 Jl/ k n 12 — D l2 hj k Ljl 2 . 

It can be verified that 

^{Bi 2 F k Ci 2 + C{ 2 F k Bi 2 ) < B{ 2 F k Bi 2 + C\ 2 F k C\ 2 \ 
±(Cl 2 E k Bi 2 + B\ 2 E k C\ 2 ) < B\ 2 E k B\ 2 + C\ 2 E k C\ 2 . 

Thus, 

i? + 5 < B 22 + 2B* 12 F k B 12 + C 22 + 2C , * 2 £ fe Ci 2 . (3.4) 
As B, C are positive definite, we also have 

B 22 > Bl 2 Bn Bi 2 , and C 22 > Cl 2 CnC\ 2 . (3-5) 
Without loss of generality, we assume m — l. Compute 

|det(A/An)| = \det(R + iS)\ 

< det (R + 5) (by Lemma ED 

< det(B 22 + 2B* 12 F k B 12 + C 22 + 2C* 12 E k C 12 ) (by (J32D) 

< det( J B 22 + B* 12 Bn 1 B 12 + C 22 + C^C^C X2 ) (by Q) 

< det(2( J B 2 2 + C , 2 2 )) (byQ) 
= 2 m det( J B 22 + C , 22) 

< 2 m -2 m/2 1 det (B 22 + iC 22 )\ (byLemmaE]) 
= 2 3m / 2 |detA 22 |. 

The proof is complete by noting det (A/An) = ■ □ 
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It is natural to ask whether a in (jl.5p can be replaced by a smaller number? There 
is evidence that the following could hold: 

Conjecture 9. Let A G M n (C) be accretive- dissipative and partitioned as in U.2\) . 
Then 

I det A I < 2 m | detAn I • I det Awl. 



We end the paper by an example showing that if the above conjecture is true, then 
the factor 2 m is optimal. 



l + e)(l + i) i-l 




"1 + e -1 " 




"1 + e 1 


i-1 (l + e)(l + i) 




-1 1 + e 




1 1 + e 



Example 10. Let A = 

with e > 0. Then A is accretive-dissipative. As e — > + , we have 

-> 2. 





detA\ 


| det A 


ii 




det A 2 2 
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